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ABSTRACT

In this research, a supply chain system consisting
producer, distribution centers and retailers is modeled by
considering lateral transshipment between distribution centers
and also using echelon-based inventory system instead of
independent inventory system. The model is developed in the
form of mixed integer non-linear programming (MINLP) to
minimize the total location, transportation, and inventory costs
of the system. The model was solved using conic programming
approach and validity was examined by comparing the
developed model with the basic model (i.e. the model without
the contributions) in several instances with different sizes of
distributors and retailers. The results represent superiority of
the developed model in computational time and objective value
especially in medium and large-scale problems.

Keywords: location-inventory, lateral transshipment, multi

echelon inventory system, conic programming

1. INTRODUCTION

Generally, in most researches the inventory costs are
modeled as a part of total cost of a single company at each
layer of supply chain. But this modeling issue leads to
neglecting different relations which may increase costs,
reduce chain efficiency, and increase supply time (Shen et.
al, 2003). Rather, in recent years, multi-echelon inventory
systems are introduced in supply chains. In these systems,
the concept of echelon stock is used instead of the concept
of installation stock (Axséter, 2015).

In traditional viewpoint, the inventory position of an
installation (i.e. a firm or company in supply chain) at each
layer is defined only based on the stock at that installation.
But due to lack of systematic relationship between the
installations at different layers, the ordering policy did not
work properly. For example, while the stocks of
installations in downstream layers are very high and we
don’t need to immediately replenish an installation in
upstream layer to support downstream, the replenishment
of this upstream installation is made only based on its low
inventory position.

Now, suppose that the inventory position of an
upstream installation is taking into account by also
including downstream stocks. Then, the inventory position
represents the real stock of an upstream item in all of the

chain which is called echelon stock (Sherbrooke, 2004).
Alternatively, the costs should be represented in terms of
echelon stock. Since the echelon stock of an upstream item
includes the stock of a downstream item, the holding cost
of downstream item should only include the value added of
producing from its upstream item; which is known as
echelon holding cost (Axsater, 2015).

Specifically, this consideration is more compatible
with real-world operations of supply chains and at the same
time optimize the model with much lower cost than
traditional approaches (Hillier & Lieberman, 2015).

Another disadvantage of traditional approaches is
hierarchical definition of transportation flows from upper
layer to lower layer; whilst using information technology,
supply chain systems and subsequently inventory systems
can be designed more flexible by allowing lateral
transshipment within the layers. In this way, the peer
installations of the same layer can share their stocks among
each other to reach the lower inventory levels and also
lower costs by still achieving the expected service level.
There are many real cases of such transshipments in
practice especially at peak working times such as
Christmas which the transshipments can help in cost and
inventory level reduction of distribution centers.

In this article, both above concepts are taken into
account in a multi-layer supply chain model. It is assumed
that inventory is only stored in active distribution centers.
So, both multi-echelon inventory/safety stock costs and
hierarchical/lateral transshipment costs are considered
among distribution centers to make more precision and
reality.

Based on above assumptions, the model was
developed as a mixed integer nonlinear programming
(MINLP). Since solving such models is generally very
difficult, the model is transformed into its equivalent conic
programming model and then the model is solved and the
results were analyzed.

In summary, our contribution can be explained as
follows:

1. Developing a supply chain network design by
considering multi-echelon (instead of multi-level)
location-inventory model.
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2. Adding lateral transshipment between distribution
centers in a two-echelon supply chain network.

3. Solving the developed model using
programming approach.

conic

All three aspects will be reviewed in the next section.
First, researches on conic programming approach have
been reviewed. Subsequently, review of studies related to
lateral transshipment are brought in detail and finally, few
studies on echelon-based models have been presented.

The rest of the paper is organized as follows. Section
2 presents the review of literature on related studies and
background of the developed models. In section 3 the
proposed model is introduced. Section 4 deals with
solution approach. Numerical results are brought in section
5 and finally section 6 concludes with summarization and
future directions of the research.

2. LITERATURE REVIEW

As the first studies, Shen (2000) presented a location-
inventory model in mixed integer nonlinear programming
considering ordering, safety stock and holding costs in
objective function and is recognized as one of the most
popular researches of this area. Daskin et al. (2002) extended
the model by adding transportation costs to the model and
solving it using Lagrangian relaxation approach. Capacity
limitation of distribution centers was considered by Ozsen et
al. (2008) with the aim of risk reduction. In similar way,
recently Maass et al. (2016) introduced a model which uses
inventory buffers instead of capacity. Mak and Shen (2009)
modeled the location-inventory problem considering radius
coverage for retailers and allowing for inventory shortages in
a queuing system. Berman et al. (2012) considered periodical
review inventory policy for distribution centers and used
Lagrangian relaxation method to solve the proposed model.
Recently, Lagrangian relaxation was used in three-level
distribution system by Ross et al. (2017) in a location-
inventory model with safety stock and considering
distribution coverage radius. To solve the model at first, the
square root terms of objective function are replaced by
adding new variables and constraints into the model and then
relaxation was made on assignment constraints.

On the other hand, in conic programming applications,
Atamtirk et al. (2012) used conic optimization approach for
several supply chain models and demonstrated the
performance superiority of this approach in comparison with
other previous methods in terms of solution times and
objective values. Shahabi et al. (2013) developed four-level
supply chain model by considering hubs in the third level.
The model optimized location, allocation and inventory
decisions simultaneously. The safety stock is considered in
the model based on service level type 1 and then the model
has been solved using conic programming approach. Also,
they extended their research by considering demand and lead
time dependencies in the model and again conic
programming with compact formulation was used as solution
approach (Shahabi et al, 2014). Zhang and Unnikrishnan
(2016) developed a closed loop supply chain with
distribution centers in forward and reverse network under
periodic review policy. The model is reformulated by first

1 METRIC: Multi Echelon Technique for Recoverable Item Control

linearization of the product variables and then converting the
chance constraint using conic programming. Finally, Puga
and Tancrez (2017) proposed a heuristic algorithm for
solving large-scale supply chain networks and compare their
results with conic programming approach. The results
demonstrate a few differences in optimality gap.

On the other hand, some studies developed supply
chain network design involving lateral transshipment. Nasiri
et al. (2015) proposed a two-level (plant-warehouse) model
in which the warchouses are divided into “main” and
“regular” categories and lateral transshipment from the main
into regular warehouses is allowed. The model was solved
using mimetic algorithm in medium and large-scale sample
sizes. Ahmadi et al. (2016) developed a three-level supply
chain network such that internal transshipment was
considered for distribution centers in the second level. The
model is developed in a mixed integer linear programming
with fuzzy parameters and hence fuzzy solution approaches
was used for solving the model. Daghigh at al. (2016)
presented a sustainable multi-modal, multi-period, and
multi-objective model in a 4-level network in which lateral
transshipment is permitted in second and third levels. The
model was developed with three objective function regarding
to economical (i.e. minimum cost), social (i.e. maximum
social responsibility) and environmental (i.e. minimum fuel
consumption) aspects of sustainability. The model was
solved using e-constraint method.

Meanwhile specially, some recent studies have been
developed based on dynamic programming approach.
Paterson et al. (2012) proposed a location-inventory model
in which the lateral transshipment is permitted when a
location is faced with shortage. The model considered the
stochastic demand with Poisson distribution and used
dynamic programming as modeling and solution approach
for only two locations. In another research, VanWijk et al.
(2012) used lateral transshipment in a spare part inventory
system. The model considered that stochastic demand with
Poisson process which is responded either directly, or
through another warehouse or even through emergence
sources, each with different probability and then a Markov
chain process model has been developed and solved based
on these probabilities. They extended their research by
adding the concept of quick response warehouse to the model
as an intermediate level of supply chain (VanWijk et al,
2013). Recently, another extension of the model with two
stock points was developed such that each stock point
replenishes multiple groups of retailers ordered by their
importance (VanWijk et al. 2018). In Haji et al. (2014) a
supply chain with one supplier and two retailers was
considered such that one of retailers has less Poisson demand
than another one and can cover it in emergency conditions
under (1, T) and (s-1, s) polices. Also, Olsson (2015)
developed a METRIC! (Sherbrooke, 2004) inspired method
to modeling the inventory of two locations with lateral
transshipments. Demand is defined based on Poisson process
such that the intensity function is also a Poisson process (i.e.
doubly Poisson Process). The method was evaluated by
simulation and the results showed that the method performs
very well. Feng et al. (2017) developed a multi-location
inventory model with lateral transshipment such that an
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approximate dynamic programming algorithm was used for
solving the model. In fact, an approximate of value function
is considered in decision states of dynamic programming
approach. In similar way, Meissner and Senicheva (2018)
introduced a multi-period, multi-location inventory model
with lateral transshipment and stochastic demand. The model
was developed using dynamic programming approach on a
piecewise-linear approximation of objective function.
Unfortunately, there are rarely studies based on the
multi-echelon inventory models. As near topics, Diabat et al.
(2013) developed a two-echelon location-inventory model
which is solved using Roundy’s %98 approximation method
based on relaxation of assignment constraints into objective
function. This research is completed by consecutively
developing upper and lower bounds of Lagrangian relaxation
to reach the optimal solution (Diabat et al, 2015) and also the
model is extended into green supply chain by considering
weighting factor of carbon emission into the model (Abu
Alhaj et al, 2016). Meanwhile, piecewise linear
approximation was used for linearization of non-linear parts
of the model (Diabat and Theodorou, 2015). However, in the
last research, the solution approach has been changed using

Table 1 Summary of literature review

capacity constraints instead of Roundy’s “power of two”
inventory policy and then the model is linearized using
piecewise linear approximation (Diabat, 2016). Sadjadi et al.
(2016) used queue theory to determine positive and negative
inventory levels in a three-level supply chain model.
Similarly, queue theory was used by Diabat et al. (2017) in
determining expected reorder point, inventory and lost sale
with uncertain demand and uncertain lead time.

In a broader view, Table 1 illustrates the summary of
the most important researches in recent years. As shown in
the Table, the multi-echelon inventory systems along with
lateral transshipment have not been used in previous studies.
On the other hand, the investigation of solution approaches
demonstrates that there are a few applications of conic
programming.

So as mentioned previously, in this study, we try to
develop a real-world model by adding both multi echelon
inventory system and lateral transshipment to the location-
inventory model and then solving the developed model using
conic programming approach. Finally, the developed model
is evaluated by comparing the results with the model without
these contributions.

Authors  Year Location in Product Inventory Policy Inventory Cost Solution Approach
b £
[} =
s &
= w = =
3 [7] T 5 3 = =
98 o = v 5 = o3 3 £ 5 % 28,8583 8 8
22 § £ & 5 3 2388 ¢ 8§ 5 @ £8333 E 3
g a3 ° ® = = "8 o o g 9 J 2° gz =7 8
> g g2 * % 2 8338 & § g
Atamtirk etal. 2012 v 4 v v v v v v
v v
Berman et al. 2012 v v v v v v v
v v
Paterson et al. 2012 v v v v v
Van-Wik etal. 2012 4 ' v v v v
Shahabietal, 21 v v v v v v v v v
Van Wijk etal. 2013 ' v v v
Diabatetal. 2013 ' ' v v v v
Hajietal, 2014 v v v v v v v v v
Shahabietal. 2014 v v v v v v
Diabatetal. 2015 v v v v v
Olsson 2015 v v v v v v
Nasirietal. 2015 v v 4 v v v v v
Sadjadietal. 2016 v 4 4 v v v
Ahmadietal. 2016 v 4 v v v v
Diabat 2016 v v v v v v
Zhang
' v v v v
Unnikrishnan 2016 v v v
) v v
Daghigh etal. 2016 v v v v v v v
Diabat et al. 2017 4 v v v
Rossetal. 2017 v v
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Table 1 Summary of literature review (con’t)
Authors Year Location in Product Inventory Policy Inventory Cost Solution Approach
r =
2 =
@ =1
z 5 £ g &
S £ (7] - 5 3, = = z
T . e - - » &2 5 £ § % % 35§ §F ¢
8 § 3§ £E &g 2 2 2 § & s§ < 2 £ g23% s 3
s 2 e = € £ d w»w = ° o 2 = S 858 £ 5
=g ’ - s o g g g 3 §8%F z 2
3 o & =~ = 2 5 5 s F 8
8 S - 5 <
» —. «
Feng et al. 2017 4 v v v v v v v v
Meissner, Senicheva 2018 v v v v
Van Wik etal. 2018 v v v v
This paper 4 v v v v v v v v v v
3. MODEL DEVELOPMENT Va“ableSB:in ry variable: 1 if the i"" retailer i
To obtain the model with lateral transshipment and Yji allo?:a)t/e datoath:.'t“ distr?buti()enaceentesr 0
multi-echelon inventory system, a supply chain system is otherwise: ) '
assumed in which a producer intends to distribute the X - , et
: g : Zi Binary variable: 1 if the k™ distribution
products among retailers via distribution centers. The aim of J center is allocated to the it distribution
the model is to determine the number and location of center. 0 otherwise: k—ddemonstrates
distribution centers and their allocation to producer and oro duéer T
retailers (i.e. direct connection) and to each other (i.e. lateral . | . s
( ) ( X; Binary variable: 1 if the j™" distribution

connection) under pre-defined inventory control policy.
Inventory control system is characterized as a multi-echelon
system and each active distribution center is assumed to be
allocated to only one other active distribution centers or
producers (i.e. unidirectional lateral transshipment). The
notations and assumptions of the model are brought as
follows.

Sets:
I Set of retailers indexed by i
] Set of distribution centers with indices m, j,
and k. Meanwhile, j = 0 represents the
producer.
Parameter:
h; Holding cost of each product per time unit
at j distribution center
Aj Fixed ordering cost at j™" distribution center
D; Mean of allocated demand at jb
distribution center
V; Variance of allocated demand at j®
distribution center
U Mean of i*" retailer’s demand
o; Standard deviation of i" retailer’s demand
F; Fixed installation cost of j" distribution
center

Cik Transportation cost of each product from
ji" to K™ distribution centers

Py Transportation cost of each product from
j* distribution center to i" retailer; j # 0

Ly; Lead time from j" to k™ distribution
centers

Zq Standard normal deviate (i.e. p(z < 34) =
a)

B Number of days per year
M A fixed positive integer number

center is active, 0 otherwise.

Model Assumptions:

Daily retailers' demands are independent across
periods.

Demand of j distribution center is considered to follow
the normal distribution with mean (D;) and variance
(Vi)

Demand of i retailer is considered to follow the
normal distribution with mean () and standard
deviation (o).

Retailers' order is considered independent from lateral
distributors' order.

Each retailer can be allocated to only one distribution
center.

Each distribution center can receive the products from
only one other distribution center or producer and can
deliver the products to at most one distribution center.
If a distribution center is allocated to second
distribution center, this second distribution center
cannot be allocated to the third distribution center and
should be definitely allocated to producer.

(R, Q) inventory control policy is used at distribution
centers.

Location decisions are made only for distribution
centers and locations of producer and the location of
retailers are already known.

The lateral transshipment is unidirectional.

The model is assumed with infinite capacity at
distribution centers.

The supply chain is designed for single item product.
No shortages are allowed.
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3.1 Modeling Description

The model is developed based on minimizing total
expected cost that consisting fixed cost of locating
distribution centers, inventory control system costs and
transportation costs. The cost functions are determined
based on allocated demands to distribution centers and
hence, this demand should be taken into account at each
distribution center. In this section, in order to introduce the
concept behind echelon-based systems, first the relations
are developed for a simple two-echelon based model and
then the relations are expanded into general model.

3.1.1Simple Two-Echelon Based Model

Generally, each distribution center may encounter
with two types of demand. The first type of demand is
directly allocated by retailer and the second type is the
lateral replenishment from other distribution centers.

dy N\ 1

2

s

Figure 1 Two types of demands at each distribution center

Figure 1 illustrates these two types of demand in
which the second distribution center, should replenish
demand of the first distribution center (e.g. d1) in lateral
transshipment along with the demand which is directly
receives from the retailer (e.g. d5).

Since demands are assumed independent, the multi-
echelon inventory system should be redefined for lateral
relations of distribution centers. As mentioned previously,
based on this system, the echelon stock at each distribution
center includes on-hand stock plus all downstream stocks
of this center. Instead, echelon holding costs (e;) are used
instead of traditional holding cost (h;) which means the
value-added transmission of an item from an upstream to
its downstream. In a two-echelon system, the echelon
holding cost is defined as follows:

61 = h’l - hz (l)

62 = hz (2)
In addition, based on optimal policy under multi-
echelon inventory system, batch quantities of upstream

should be integer multiplier of their downstream quantities.
In fact, in a two-echelon inventory system, we will have:

Q:=MQ: 3)

where M is a fixed positive integer number which is
obtained as follows (Axsater, 2015):

= |Aze

4)

Ase,

As shown by Axsater (2015), M has direct relation
with ordering cost (A) and reverse relation with echelon

holding cost (). Since M should be an integer, the optimal
M is incurred from equation (5):

(v=|m] i

l J )
M =[m] if >M
\ 7]

E

E

R —

Where | ] and [ 1 are respectively “floor” and
“ceiling” rounding functions.

In special cases where M < 1, the optimal value
would be M = 1.

Then, in an inventory system with two-echelon, the
inventory costs (Cf) at each echelon including echelon
holding and ordering costs (equations (6) and (7)) and at
the entire system (C®) (equation (8)) are determined as
follows:

d
Ct=ed g 1 (6)
MQ, A,Bd
T Q
Ce=Cf+C5=(e +Me2)&
ﬁd1 (8)
(Al ) 0,

Now, by assuming that the second distribution center
encounters with the direct demand (d3) from retailer, the
inventory cost associated with this direct demand (Cy)
would be as shown in equation (9):

h,Q, 4 AzBd;
2 Q2

C, = 9)

Where Q: represents the batch quantity of retailer's
order.

Finally, the total cost (CT) from equations (8) and (9)
will be equal to:

CTZCe‘l'CZ = (€1+M62)&

A ,Bd
+(a+ ) o (10)
haQs | Asfd

T2 T o,

Based on equation (10), the optimal value of batch
quantities similar to any other EOQ model can be obtained
as follows:

aC, . ’Azﬁdlz
an—0:,aQ2_ 2h, = C, (11)

= /24,Bd;h,
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2(a, +52)8d,
e, + Me,

ace
0Q,

(12)

A
= (¢ = Jz (A1 +ﬁ2)ﬁd1(e1 + Me,)

Finally, the optimal costs of inventory control system
from equations (11) and (12) would be equal to:

ey = h, — hy
Aiep

M., = |[—L=X£
Jk Ake]-

CT=C°+¢,

=\ 24,Bd3h,
Ay
+ |2 (A1 + ﬁ)[)’dl(e1 + Me,)

3.1.2The General Model

Now, let's generalize the concept to all distribution
centers. For each pair of distribution center (j, k), if
distribution center j can cover distribution center k with
lateral transshipment, we will have:

(13)

4
ske), (14)
Jk=0

4
kel (15)
Jk=0

4
rke/, (16)
Jk=0

¢ = JzAjhjZﬁyiyﬁZO, ZZ (Ak+—)(ek

i€l kej
k#j

SS} = Zahj1”/jl’0}' = Z“hf\/m
i€l

Equations (14)-(16) are the same equations (1), (2),
(4), which are redefined for each pair (j, k) of distribution
centers. The relations can be rewritten for equations (5)-
(12) in similar way, but equation (13) is somehow different.
Equation (17) represents this difference. In this equation,
the first term illustrates the direct cost of replenishing the
retailers. This term represents the demand mean of j®
distribution center based on sum of demand mean of all
allocated retailers to this distribution center (y;) under
condition that this distribution center is activate (zoj). The
second term represents the lateral cost of supporting other
distribution centers (k) and allocated retailers to them (yxi).

Apart from above cost functions, the safety stock
costs (SS;) should be taken into account. If the total
variance of lead time demand in j" distribution center is

4
kej)B.uiykiij ke, (17)
Jk=0

74
jed, j= (18)
0

considered by V; Ly, then the safety stock costs based on
type-1 service level can be calculated as follows:

The "type 1" service level ensures the stock-outs
would not happen within the lead time with maximum
probability of . Equation (18) illustrates the amount of
safety stock based on normal distribution of demands with
this probability which is multiplied in holding cost of j®"
distribution center. Meanwhile, the demand variance of
this distribution center (V;) has been calculated based on
sum of demand variance of allocated retailers (¢7) to this
distribution center

3.2 The Final Model
Based on above modeling descriptions, the final model
will be:

jel i€l kej

i€l

MinTC = Z F})(] + \/ZA]h] Z B/”Lly]lZO] + Z (2 (Ak + _) (ek + M]ke])z B.ulykl ]k)

j#0 k#j

+ Z CojBuiyjiZoj + Z Z CojBuiYriZojZjx + z Z CixBuiyiiZjx + Z PiBuiyji

i€l k€] i€l
k#j

]

+ 3.y ZLOJO' y}l|
i€l J

keJ ‘el i€l (29)
k)
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Zyﬁ=1 Vj€J,j#0,i
J€ el (20)
j#0
s ) 7 Vik€lj
L £0,j*ki (1)
Jj€J
j*k el
X; + X, = 2Z, vj,k€]j+k 22)
*0
Zyp+Zy; <1 vj k€] j+k 23)
*0
ZijSZo; vj k€] j+k (24)
kej *0
Zy, ={0,1} vj k€] j+k 25)
#0
€l
X; ={0,1} Vj€J,j*0 27)

In objective function (19), the first term represents
fixed installation cost for distribution centers, the second
and third terms correspond to inventory costs in
distribution centers, the next four terms represent the
transportation costs from producer to distribution center,
between distribution centers (directly and indirectly) and
from distribution centers to retailers respectively. The last
term represents safety stock costs. Constraints (20)
guarantee that each retailer is allocated to exactly one
distribution center. Constraints (21) ensure that each
distribution center can only allocated to one another
distribution center or producer. Constraints (22) state that,
if a distribution center is allocated to another one, both
centers must be definitely active. Constraints (23) prevent
loop formation between two distribution centers.
Constraints (24) explain that, each distribution center can
receive the products from at most one other distribution
center or producer and can deliver the products to at most
one distribution center. Also, this set of constraints can
simultaneously facilitate the chain management. Finally,
constraints (25)-(27) enforce the integrality restrictions on
the binary variables.

4. SOLUTION APPROACH

In this research, conic programming approach is used
to solve the developed model (19)-(27). As mentioned in
(Shahabi et al, 2014), the advantages of this method over
other methods are in obtaining general optimal solution,
shorter running time, getting away from special coding and

ability to solve directly using standard optimization
software packages such as CPLEX (Ben-Tal and
Nemirovski, 2001).

In order to obtain the quadratic conic model, the
objective function should be linear and constraints should
be linear or quadratic (Atamtirk et al, 2012). But the
developed model contains nonlinear terms in objective
function. To linearize these terms (i.e. Vji Zoj, Yki Zik, Y«i Zoj
Z;) two new variables are defined as follow:

vj, k
Wojki € ]'j,
_ {1 if yei=2oj=Zj=1 #0,j (28)
0 other wise *k,i
el
' vj, k
Jki . €J,j
— {1 if Yui=2Zp=1 ki (29)
0 other wise el

Meanwhile, the following constraints should be kept.

Vj, kel k
ki < Vi #0,j (30)
*+ k,iel
Vj, kel k
ki < Zjk #0,j (31)
*+ k,iel
Vj, kel k
1+ Wi = yra + Zjk #0,j (32)
*+ k,iel
Vj, kel j
S k) %k (33)
# 0,iel
Vj, kel j
+kj*k (34)
# 0,iel
Vj, kel j
S k) k (35)
#* 0,iel
24 Woji 2 Zoj + Zjk Zj}ckje‘];e] k (36)
TV 20zl
Vj, kel j
+hj*k (37)
#* 0,iel

Wojki < Vi
Wojki < Zjx

Wojki < Zy;

Wojki» Wi = 0,1}

By inserting the above constraints into the model, the
objective function of the model will be changed as follows:

Jj€J i€l kej

i€l i€l

. ’ Aj ’ ’
MinTC = Z lFJXJ + JZAjhj Z PuWyj; + Z (2 (Ak + M_]k) (ex + Mjkej)z B.uiViji> + Z CojPuiWyji
j

j#0 k#j

ke el ke iel
k#j k#j

s.t. Equations (20) — (37)

=
+ Z Z CojBuiWojr; + Z Z CirBuiWiy; + Z PiiByji + 2oy Z Loj Uiz}’jiJI
il iel

(38)
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Meanwhile, the objective function contains three
nonlinear terms which should be linearized. So, three new
positive variables are defined as shown in (39)-(41):

vj,j#0 (39)

)
) | Vvj,j#0 (40)
J

ke ,
\k¢f\ Z BHLVV]kl

i€l

= ZLoj ol y;i
i€l

Based on conic programming approach, by
considering the nature of binary variables and substituting
binary variables (i.e. W ;;, Wi, y;;) with their quadratic
forms, the following equations would be obtained:

vj,j#0 (41)

, 2 . .
24;h Z B (Wgj:)™ < ¢7 VI.J (42)
i€l #0

/ z(Ak+A';1—'> \
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By inserting new variables (39)-(41) and equations
(42)-(45), the model can be reformulated into the following
conic programming form:
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5. NUMERICAL RESULTS

In this section, computational results will be
presented for three different data sets with 5, 8 and 10
potential distribution centers and with sizes ranging from 5
to 100 retailers. For simplicity, each instance has been
represented by (d; r) where the former (d) is number of
potential distribution centers and the latter (r) is number of
retailers. The experiments were conducted on a computer
system with an Intel Core i5 2.6 GHz processor and 8 GB
RAM. The models were run in GAMS. Note that the model
is a mixed integer conic quadratic programs which CPLEX
guarantees global optimality for these models. Therefore,
the CPLEX 12 solver was used to solve the instances. The
parameters have been generated with uniform distribution
as shown in Table 2.
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Table 2 Numerical values of parameters

Parameter Value
h;: Per unit holding cost u(1,5)
Aj: Fixed ordering cost U(200,650)
Di: Mean of allocated demand U(20,60)
V;: Variance of allocated demand u(1,5)
Fj: Fixed installation cost U(20000,80000)
Ci: Lateral transportation cost U(0.2,2)
Pji: Direct transportation cost U(0.2,2)
Ly: Order lead time U(10,40)
Zo. Standard normal deviate 3
B: Number of days per year 250

Table 3 Numerical results for instances with 5 distribution centers

It should be noted that M;,, is a dependent parameter
which is calculated by equation (16). In addition, defining
a reference model is the way to demonstrate the superiority
of the developed model in comparison with previous
studies. So, the Shen's model (2003) - as the main basic
model of this study - was selected as reference model. Each
instance was solved for both developed and reference
models and results were reported in Tables 3, 4 and 5.
Meanwhile, the difference of results (8) and running times
were demonstrated. The difference is an important measure
for illustrating performance improvement of the model and
consequently model validation.

(5;5) (5;10) (5;15) (5;20) (5;30) (5;50) (5;100)
Developed Model (Obj. Fun.) 76183 135464 175003 235360 299624 409462 724001
Reference Model (Obj. Fun.) 76183 135464 180410 245420 329145 468968 915407
Difference (d) 0 0 5407 10060 29521 59506 191406
CPLEX time (Sec) 0.14 0.22 0.25 1.72 3.01 8.27 48.27
Table 4 Numerical results for instances with 8 distribution centers
(8:9) (8;10) (8;19) (8;20) (8;30) (8;50) (8;100)
Developed Model (Obj. Fun.) 95904 140619 170119 210381 276397 371481 655254
Reference Model (Obj. Fun.) 95904 140689 180174 245495 334655 463981 879249
Difference (d) 0 70 10055 35114 58258 92500 223995
CPLEX time (Sec) 0.42 1.15 4.82 9.15 20 73 1459
Table 5 Numerical results for instances with 10 distribution centers
(10;5) (10;10) (10;15) (10;20) (10;30) (10;50) (10;100)
Developed Model (Obj. Fun.) 95847 135675 156550 190174 255997 354723 627101
Reference Model (Obj. Fun.) 95847 154073 186203 239793 345344 493430 865146
Difference (d) 0 18398 29653 49619 89347 138707 238045
CPLEX time (Sec) 0.5 5.48 13 34 119 668 2435

As observed in Tables 3, 4 and 5, the results

represent non-negative differences in all three tables. In
small size instances, the same values were observed that is
generally quite expected; since in these instances, the
developed model behaves such as the reference model. In
contrast, the difference is noticeable in medium and large-
sized instances which confirms the better performance of

the developed location-inventory model considering multi
echelon inventory system and lateral transshipment.

In addition, it is so important to check the effect of
increase in number of potential distribution centers and
retailers on solution improvement and running time.
Figures 2 - 5 represent these analyses.

250000

200000

150000

100000

Differecne (8)

50000

0 Y
0 20 40

Number of retailers

80 100 120

Figure 2 The effects of "number of retailers" to "solution improvement"



Gholamian & Nasri: A Multi Echelon Location-Inventory Model with Lateral Transshipment

Operations and Supply Chain Management 12(2) pp. 88 - 99 © 2019

97

250000

200000

150000

== 10

ey 15

-

Differecne (8)

e 7 0

100000 .AV/K
50000 _E 30

=== 50

5 6 7

Number of distribution centers

¢
9 10 11 100

Figure 3 The effects of "number of distribution centers" to "solution improvement"

3000
S 2500
(<5}
w
~ 2000
£
‘= 1500 5
Ej L ]
3 1000 /
O 500 10
0 "u_—-.a—-tf/ —
0 20 40 60 80 100 120

Number of retailers

Figure 4 The effects of "number of retailers" to "running time"
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Figure 5 The effects of "number of distribution centers" to "running time"

Figure 2 compares the effect of increasing in number
of retailers in solution improvement in three data sets (with
5, 8 and 10 potential distribution centers). It should be noted
that growth in retailer numbers leads to more demands which
in turn increases the possibility of lateral allocations and at
result improves the performance of developed model in
comparison to the reference model. Meanwhile, as can be
seen, all three diagrams have (more or less) the similar
slopes, that demonstrates the normal behavior of the model
in the face of increasing the number of retailers.

The opposite situation is shown in Figure 3. This time,
the effect of increasing in number of potential distribution
centers are compared in different sizes of retailers. However,

the results are the same. More distribution centers will
increase more lateral allocations and at result, more
improvement is achieved. Again, diagrams with similar
slopes at intervals corresponding to the size of retailers are
observed that indicate the normal behavior of the model in
the face of increasing the number of potential distribution
centers.

In Figure 4, the effect of increasing in number of
retailers in CPU running time is reported. As predicted, in
small and medium-sized instances the running time is tiny
due to the use of the conic programming approach in solving
process. In large scale instances, the time is non-linearly
increased. It should be noted that increasing in running time
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is essentially related to the increasing in number of nonlinear
variables in quadratic form and also additional variables used
in reformulation of final model.

Also, Figure 5 depicts the effect of increasing in
number of potential distribution centers in CPU running
time. Again, increasing in running time, especially in large
scale instance, is the result of additional nodes and arcs in the
distribution network of the problem induced by increasing
the number of distribution centers.

6. CONCLUSION

In this paper, an integrated location-inventory model
with unidirectional lateral transshipments and multi-
echelon inventory system has been presented. The aim is to
determine the number and location of distribution centers
and their allocation to producer and retailers (i.e. direct
connection) and to each other (i.e. lateral connection) under
multi-echelon inventory control policies. For this purpose,
first the stock level of distribution centers is determined
based on echelon inventory concept and then total
inventory (i.e. holding and ordering) cost is calculated.
Meanwhile, the "Type 1" service level measure is used to
determine safety stock costs. Finally, by adding direct and
lateral transportation costs and fixed installation costs, the
objective function has been completed in the form of mixed
integer non-linear programming model (MINLP). The
model is then reformulated to conic programming to
exploit the recent advances made in solving conic
programs.

To evaluate the performance of developed model,
three set of instances with different number of distribution
centers and different number of retailers are considered.
The outputs are compared with the reference model (i.e. the
model without contributions) and the differences are
reported at each instance. The results demonstrate the
superiority of the developed model especially in medium
and large-scale instances.

This research can be extended in several way such as
using different inventory policies, using stochastic lead
times, using other statistical distributions (e.g. Poisson
distribution) for demand uncertainty and developing a
model based on queueing approach, extending the model
to inventory-location-routing with multiple products and
different transportation modes, using other approaches to
deal with uncertainty (e.g. fuzzy mathematical
programming and robust optimization) and so on.
Meanwhile, the model can be broadened by relaxing
assumptions of this study; for example, instead of using
one-to-one lateral allocation of distribution centers, one-to-
many allocations can be used or instead of one producer,
multiple producers can be defined and modeled and also
four or more echelons of supply chain can be considered
while locating-allocating decisions are made in all
echelons.
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